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Abstract
We describe the structure of spaces of continuous step functions over GO-spaces. We establish a relation between the Dedekind
completion of a GO-space L and properties of the space of continuous functions from L to 2 with finitely many steps. We use the
established relation to prove that a countably compact GO-space L has Lindelöf Cp(L) iff the Dedekind remainder of L is Lindelöf
and every compact subspace of L is metrizable. Or equivalently, a countably compact GO-space L has Lindelöf Cp(L) iff every
compact subspace of L is metrizable and a Gδ-set in L. Other results are obtained.
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1. Introduction
In this paper we investigate the structure of the space Sp(L,2) of continuous functions with finitely many steps
from a GO-space L to the space {0,1}. Informally, f ∈ Sp(L,2) if one can partition L into finitely many clopen
intervals (with respect to a given fixed order) such that f is constant on each of these intervals. Our interest in this
structure is motivated by two facts. First, Sp(L,2) = Cp(L,2) if L is a countably compact GO-space. Secondly, these
spaces form a wide class of Abelian topological groups.
It is known that open rays (=“open convex sets going all the way to the left or right”) of a GO-space form a subbase
for its topology. It turns out that for a countably compact GO-space L the set S∗ of characteristic functions of clopen
left rays algebraically generates Cp(L,2). We show that S∗ is homeomorphic to a certain GO-space T (L), which is
easily described in terms of the topology of L and its Dedekind completion. For zero-dimensional countably compact
GO-spaces, Lindelöfness of T (L) is equivalent to Lindelöfness of Cp(L). Further, we prove that a countably compact
GO-space L has Lindelöf Cp(L) iff the Dedekind remainder of L is Lindelöf and every compact subspace of L is
metrizable. Or equivalently, a countably compact GO-space L has Lindelöf Cp(L) iff every compact subspace of L
is metrizable and a Gδ-set in L.
The space T (L) is also used for our study of Sp(L,2) for arbitrary GO-spaces. In particular, we show that
[Sp(L,2)]ω is Lindelöf iff [T (L)]ω is Lindelöf. The structure T (L), which is the key tool in our study, was intro-
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the class of all GO-spaces.
The main results of this work are Theorems 3.4–3.7, 4.1, 4.2, 4.7, and 4.8.
In notation and terminology we will follow [1,5]. A space L is a generalized ordered space, abbreviated as GO-
space, if L is a subspace of a linearly ordered topological space. The supremum and infinum of a GO-space L in its
Dedekind completion are denoted by −∞ and ∞. An open interval of L is any set in form (a, b)L, where a, b are in
the Dedekind completion of L. The same concerns all other types of intervals.
2. Definitions of key structures
First we will quickly review a construction of the Dedekind completion of a given GO-space L.
Dedekind completion. An ordered pair 〈A,B〉 of disjoint closed subsets of L is called a Dedekind section if A∪B =
L, maxA or minB does not exists, and A is to the left of B . A pair 〈L,∅〉 (〈∅,L〉) is also a Dedekind section if
maxL (minL) does not exist. The Dedekind completion of L, denoted by cL, is constructed as follows. The set cL
is the union of L and the set of all Dedekind sections of L. The order on cL is natural. The order on elements of L
is not changed. If x ∈ L and y = 〈A,B〉 ∈ cL \ L then x is less (greater) than y if x ∈ A (B). If x = 〈A1,B1〉 and
y = 〈A2,B2〉 are elements of cL \L, then x is less than y if A1 is a proper subset of A2.
Using Bing–Hanner construction (see [5, 5.1.22]), for a given GO-space L we define the space T (L), which is one
of the three key structures for this paper.
Definition of T (L). An element x ∈ cL is in T (L) iff x ∈ cL \ L, or x = ∞, or x ∈ L and x has the immediate
successor in L. Points of T (L) that are in L are declared isolated. The other points inherit base neighborhoods from
the Dedekind completion cL.
Observe that T (L) is a GO-space. Indeed, T (L) can be obtained from cL as follows. For each x ∈ L that has the
immediate successor x+ in L, insert a new point px between x and x+. If ∞ ∈ L, add p∞ to the right of ∞. The
resulting space is a compact linearly ordered topological space containing cL as a closed subspace. The subspace of
this structure that consists of all px ’s and (cL \L) is a copy of T (L). Thus, we can think of T (L) as a GO-space with
the order from cL.
Let us describe T (L) for some classical GO-spaces. Let L be the space of rationals in [0,1], then T (L) consists
of all irrationals in [0,1] and 1. The topology on irrationals is standard and 1 is declared isolated. If L is the space of
all irrationals in [0,1] then T (L) is the space of all rationals in [0,1]. If L is the Cantor space, then cL \ L is empty
and there are countably many points in L with immediate successors. Therefore, T (L) is a countably infinite discrete
space. If L = ω1 then cL = ω1 + 1 and cL \ L = {ω1}. Observe that each ordinal in ω1 has the immediate successor
in ω1. Therefore, T (L) is obtained from ω1 +1 by isolating all ordinals below ω1. That is, T (L) is simply a one-point
Lindelöfication of an ω1-sized discrete space. For further examples, let us review the definition of the two arrows o
Alexandroff, denoted by A ∪ A′, where A = [0,1) and A′ is a primed copy of (0,1]. If x ∈ (0,1], its copy in A′ will
be denoted by x′. The order within A and A′ is standard. If x ∈ A and y′ ∈ A′, then x < y′ iff x  y. The topology on
A∪A′ is that of linear order. If L = A is one arrow, then cL is the two arrows. Since no point of A has the immediate
successor in A and ∞ /∈ A, T (L) = A′. If L = [A \ {a: a is rational}] ∪ [A′ \ {a: a′ is rational}], then T (L) can be
obtained from [0,1] by isolating irrationals. That is, in this case T (L) is the Michael Line (restricted to [0,1]).
Now we turn to our next key structure. If x1, . . . , xn ∈ cL and −∞ x1  · · · xn ∞ then by f = f 0x1,...,xn we
denote the function from L to 2 defined by
f
([−∞, x1]L
)= {0}, . . . , f ((xi, xi+1]L
)= {i mod 2}, . . . , f ((xn,∞]L
)= {n mod 2}.
The rightmost formula is simply {1} if n is odd and {0} otherwise. The functions f 1x1,...,xn are defined similarly by
changing {0} with {1} in the above formulas.
Definition of Sp(L,2). f ∈ Sp(L,2) iff there exist −∞  x1  · · ·  xn ∞ in T (L) such that f = f 0x1,...,xn or
f = f 1x ,...,x . The topology is of point-wise convergence.1 n
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tinuous. Therefore, Sp(L,2) ⊂ Cp(L,2). In fact, Sp(L,2) is simply the subspace of Cp(L,2) that consists of all
continuous functions from L to 2 in form f 0x1,...,xn or f
1
x1,...,xn . That is, indices can be always taken from T (L).
Lemma 2.1. Let L be a GO-space. If f = f 0x1,...,xn is in Cp(L,2) then f ∈ Sp(L,2).
Proof. We want to find −∞  y1  · · ·  yk  ∞ in T (L) such that f 0y1,...,yk ≡ f 0x1,...,xn . Let y1 = supcL{y ∈
cL: f ([−∞, y]L) = {0}}. Since f is continuous, [−∞, y1]L is clopen in L. Therefore, y1 is a Dedekind section,
or is in L and has the immediate successor in L, or is in L and equal to ∞. In any case, y1 ∈ T (L). Similarly, we find
the rest of yi ’s. 
Definition of Sn. f ∈ Sp(L,2) is in Sn iff f = f 0x1,...,xn or f = f 1x1,...,xn for some x1, . . . , xn ∈ T (L).
Observe that Sp(L,2) =⋃n Sn.
Definition of S∗. f ∈ Sp(L,2) is in S∗ iff f = f 1x for some x ∈ T (L).
3. Main results for arbitrary GO-spaces
Lemma 3.1. Let L be a GO-space. Then for any f ∈ Sp(L,2) there exist f1, . . . , fk ∈ S∗ such that f = f1 +· · ·+fk .
Proof. Let us first assume that f ∈ S1. If f = f 1x , there is nothing to prove. If f = f 0x then f = f 1x + f 1∞. Now it
suffices to show that any f ∈ Sp(L,2) can be represented as a sum of elements of S1.
For f ∈ S1 the conclusion is true. Assume the conclusion holds for any function in Sn−1, where n  2. Fix an
arbitrary f ∈ Sn. We may assume that f = f 0x1,...,xn , where −∞ x1  · · · xn ∞.
Case 1. Assume f ≡ 1 on (xn,∞]T (L). Define g as follows: g ≡ f on [−∞, xn]T (L) and g((xn,∞]T (L)) = {0}.
Clearly, g = g0x1,...,xn−1 and is in Sn−1.
Define h ∈ S1 as follows: h([−∞, xn]T (L)) = {0} and h((xn,∞]T (L)) = {1}.
It is clear that f = g+h. By inductive assumption, g can be written as a sum of elements of S1. Therefore,
f is a sum of elements of S1.
Case 2. Assume f ≡ 0 on (xn,∞]T (L). Define g as follows: g ≡ f on [−∞, xn]T (L) and g((xn,∞]T (L)) = {1}.
Define h ∈ S1 as in the previous case. 
Lemma IV.7.2 in [1] states that if G is an Abelian topological group and E ⊂ G algebraically generates G and Eω
is Lindelöf then Gω is Lindelöf. Thus we have the following.
Corollary 3.2. If (S∗)ω is Lindelöf then so is [Sp(L,2)]ω .
The reverse of this corollary holds too and this follows from the following result.
Lemma 3.3. S∗ is closed in Cp(L,2).
Proof. Let f be limit for S∗ in Cp(L,2). Clearly, f is either constant or f 1x . There is nothing to do in the latter case.
Let f ≡ 0. If −∞ ∈ L then {g: g(−∞) = 0} contains f and no elements of S∗, a contradiction with f being limit
for S∗. If −∞ /∈ L then f = f 1−∞ and is in S∗. Now let f ≡ 1. Then f = f 1∞ and is in S∗. 
The next theorem is one of the key results of this paper and will be used to study Lindelöfness of certain functions
spaces.
Theorem 3.4. T (L) is homeomorphic to S∗.
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onto S∗. We need to show that λ is continuous, one-to-one, and open.
To show that λ is continuous, fix an arbitrary x ∈ T (L) and any open V containing λ(x) = f 1x . We need to find
U ⊂ T (L) whose interior contains x and whose image is in V . We may assume that V is an element of the standard
subbase, namely, V = {g ∈ S∗: g(c) = f 1x (c)}, where c ∈ L is fixed. If x ∈ L then {x} is open in T (L). Therefore,
U = {x} serves the purpose. Assume now x /∈ L. Then x = c. Assume x > c. Then f 1x (c) = 1. Pick any a, b ∈ cL
such that the interior of U = [a, b]T (L) contains x and a > c. If y ∈ [a, b]T (L) then λ(y) ∈ V . Indeed, since c < y and
λ(y) = f 1y , we conclude that f 1y (c) = 1 = f 1x (c). The case x < c is treated similarly.
To show that λ is one-to-one, take x, y ∈ T (L) with x < y. Let us show that there exists z ∈ L such that x < z y.
Indeed, if x ∈ L then x has the immediate successor, which can serve as z. If x /∈ L and y ∈ L then z = y satisfies the
inequality. If both x, y ∈ cL \L then there exists z ∈ L such that x < z < y. This follows from the fact that L is order
dense in cL. As long as z satisfies the inequality, f 1x (z) = 0 and f 1y (z) = 1. Hence, λ(x) = λ(y).
To show that λ is open, fix an open U in T (L) and x ∈ U . We need to find an open V in S∗ such that λ(x) ∈ V ⊂
λ(U).
Case 1. Assume x ∈ L. If x = ∞ then the open set V = {g ∈ S∗: g(∞) = 1} contains only λ(x) = f 1∞. Otherwise,
x has the immediate successor y ∈ L. The open set V = {g ∈ S∗: g(x) = 1, g(y) = 0} contains only f 1x =
λ(x). Therefore, V = {λ(x)} ⊂ λ(U).
Case 2. Assume x /∈ L and x has the immediate predecessor a ∈ L. These assumptions imply that x = ∞. Therefore
there exists b ∈ L such that a < x < b and [x, b]T (L) ⊂ U . Since a is the immediate predecessor of x and is
not in T (L), we have [a, b]T (L) = [x, b]T (L). The open set V = {g ∈ S∗: g(a) = 1, g(b) = 0} contains λ(x).
Let us show that V ⊂ λ(U). If g ∈ V then transition from 1 to 0 happens inside of [a, b]T (L). Hence g is in
λ([a, b]T (L)), and therefore, in the image of U .
Case 3. Assume x /∈ L and x has the immediate successor b ∈ L. These assumptions imply that x = −∞. Therefore
there exists a ∈ L such that a < x < b and [a, b]T (L) ⊂ U . Put V = {g ∈ S∗: g(a) = 1, g(b) = 0}.
Case 4. Assume x /∈ L and is a limit point from both sides. Then there exist a, b ∈ L such that a < x < b and
[a, b]T (L) ⊂ U . Put V = {g ∈ S∗: g(a) = 1, g(b) = 0}.
Case 5. Assume x /∈ L and x = −∞. Take any b ∈ L such that [−∞, b]T (L) ⊂ U . Put V = {g ∈ S∗: g(b) = 0}.
Case 6. Assume x /∈ L and x = ∞. Take any a ∈ L such that [a,∞]T (L) ⊂ U . Put V = {g ∈ S∗: g(a) = 1}. 
Corollary 3.5. Let L be a GO-space. Then T (L) is homeomorphic to a closed subspace of Cp(L,2). Furthermore,
the Dedekind remainder cL \L of L is homeomorphic to a closed subspace of Cp(L,2).
Proof. The “furthermore” part follows from the fact that the Dedekind remainder of L is a closed subspace of
T (L). 
Theorem 3.6. Let L be a GO-space. If Cp(L,2n) is Lindelöf then [T (L)]n and (cL \L)n are Lindelöf. Furthermore,
if Cp(L,2ω) is Lindelöf then so are [T (L)]ω and (cL \L)ω.
Applying Corollary 3.2 and Theorem 3.4 we obtain the following criterion.
Theorem 3.7. Let L be a GO-space. Then [Sp(L,2)]ω is Lindelöf iff [T (L)]ω is Lindelöf.
4. Main results for countably compact GO-spaces
Observe that for countably compact GO-spaces, Sp(L,2) coincides with Cp(L,2).
Theorem 4.1. Let L be a countably compact GO-space. Then the following conditions are equivalent:
(1) T (L) is Lindelöf ;
(2) Cp(L,2ω) is Lindelöf ;
(3) Cp(L,2) is Lindelöf.
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be open for each n. Let us show that F =⋂n Un is open. Take any x in this intersection. If x ∈ L then x is isolated
in T (L). If x /∈ L then, due to countable compactness, x is unreachable by nontrivial countable sequences in cL, and
therefore, in T (L). In both cases, we conclude that x is in the interior of F . Thus, T (L) is a P-space. By Noble’s
theorem [10], a countable power of a Lindelöf P-space is Lindelöf. Therefore, [T (L)]ω is Lindelöf. By Theorem 3.7,
[Cp(L,2)]ω is Lindelöf. The conclusion follows from the fact that Cp(L,2ω) is homeomorphic to [Cp(L,2)]ω .
It is clear that (2) implies (3). To prove that (3) implies (1), apply Corollary 3.5. 
Observe that the condition “T (L) is Lindelöf” cannot be replaced by a weaker condition “cL \ L is Lindelöf”.
Indeed, if L is the two arrows then cL \L is Lindelöf being empty. However, Cp(L,2ω) is not Lindelöf.
Theorem 4.2. Let L be a countably compact GO-space with ind(L) = 0. Then Cp(L) is Lindelöf iff T (L) is Lindelöf.
Proof. (⇒) Since Cp(L,2) is a closed subspace of Cp(L), the former is Lindelöf. By Theorem 4.1, T (L) is Lindelöf
too.
(⇐) By Theorem 4.1, Cp(L,2ω) is Lindelöf. Lemmas IV.3.6 and IV.3.7 in [1] give a proof that Cp(X, [0,1]) is a
continuous image of Cp(X,2ω) for any zero-dimensional compactum X. However, the proof uses compactness and
zero-dimensionality only to show that dim(β(X×D)) = 0, where D is a discrete space of cardinality |Cp(X, [0,1])|.
Therefore the proof works without changes under the assumptions of this lemma. Indeed, for GO-spaces, ind(L) = 0,
Ind(L) = 0, and dim(L) = 0 are equivalent. Therefore Ind(L × D) = 0, and hence, dim(β(L × D)) = 0 for any
discrete space D. Thus, Cp(L, [0,1]) is Lindelöf. Since any real-valued functions on L is bounded, Cp(L) is a
countable union of subspaces homeomorphic to Cp(L, [0,1]). Therefore, Cp(L) is Lindelöf. 
In our further discussion we will use the fact that any linearly Lindelöf GO-space is Lindelöf. Recall that a space
X is linearly Lindelöf if any uncountable subset of X of regular cardinality has a complete accumulation point in X.
A point x ∈ X is a complete accumulation point for a subset A of X if every neighborhood of x meets A by a subset
of cardinality |A|.
Lemma 4.3. Any linearly Lindelöf GO-space is Lindelöf.
Proof. As proved (implicitly) by Mischenko [8], any linearly Lindelöf countably paracompact space is Lindelöf.
Since any GO-space is hereditary countably paracompact, we have the conclusion. 
The following theorem was proved in [2] and is a corollary to the above theorem.
Corollary 4.4. Let L be a countably compact first-countable subspace of an ordinal. Then Cp(L) is Lindelöf.
Proof. For each ordinal τ put τω = {α  τ : cf (α) ω}. If L satisfies the hypothesis then there exists τ such that L is
homeomorphic to τω. The Dedekind completion of τω is τ + 1. The space T (τω) is obtained from τ + 1 by declaring
the ordinals of countable cofinality isolated. Since all points of uncountable cofinality keep old base neighborhoods,
T (τω) is linearly Lindelöf. By Lemma 4.3, T (τω) is Lindelöf. By Theorem 4.2, Cp(L) is Lindelöf. 
Theorem 4.2, gives us a method of constructing countably compact GO-spaces L such that Cp(L) is Lindelöf. For
two linearly ordered topological spaces L and M , by L ×l M we will denote their lexicographical product endowed
with order topology.
Example 4.5. Let L be a countably compact first-countable subspace of the space α×l [0,1) and let ind(L) = 0. Then
Cp(L) is Lindelöf.
We will see later that the requirement ind(L) = 0 can be dropped.
We are ready now to characterize countably compact GO-spaces L that have Lindelöf Cp(L). Our goal is to show
that a countably compact GO-space L has Lindelöf Cp(L) iff the Dedekind remainder cL \ L of L is Lindelöf and
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our criterion we need the following classical structures. Let A→ be the lexicographical product ω1 ×l [0,1). Let A↔
be obtained from A→ × 2 by identifying the leftmost points (0,0,0) and (0,0,1).
Lemma 4.6. Let L be an infinite connected countably compact GO-space whose all compact subspaces are metrizable.
Then L is homeomorphic to [0,1], or to A→ or to A↔.
Proof. First, L is first countable. Indeed, due to connectivity, every point has an open neighborhood with compact
closure, which is metrizable by hypothesis. If minL and maxL exist then L is compact. Therefore L is metrizable
and is homeomorphic to [0,1]. Assume minL exists and maxL does not. Then cL = L ∪ {∞}. Since L is countably
compact, the character of ∞ in cL is uncountable. If the character of ∞ in cL were greater than ω1 then there would
have existed a point in L of uncountable character, a contradiction. Thus there exists a closed subspace S = {sα: α <
ω1} ⊂ L homeomorphic to ω1 that accumulates to ∞ in cL. We may assume that s0 = minL and sα < sβ whenever
α < β . Define a map f from L to A→ = ω1 ×l [0,1) as follows. The interval [sα, sα+1]L is mapped by f in an
order-preserving manner onto [(α,0), (α + 1,0)]A→ . This can be done since each of these intervals is homeomorphic
to [0,1]. Clearly, f is a homeomorphism.
The case when L is unbounded from both sides is treated similarly. 
Theorem 4.7. Let L be a countably compact GO-space. Then Cp(L) is Lindelöf iff cL \ L is Lindelöf and every
compact subspace of L is metrizable.
Proof. (⇒) Since Cp(L,2) is a closed subspace of Cp(L), the former is Lindelöf. By Theorem 4.1, T (L) is Lindelöf.
Being a closed subspace of T (L), the space cL \ L is Lindelöf as well. Now fix any compact subset C of L. Then
Cp(C) is Lindelöf too. By Nahmanson’s theorem [9], C is metrizable.
(⇐) Let K be the set of all infinite connected components of L. For each K ∈K select a set DK in the interior of
K with the following properties:
P1: DK = K ;
P2: |DK ∩ I | ω for every compactum I ⊂ K .
Let us show that such DK ’s exist. If K is homeomorphic to [0,1] then any countable set that is dense in K meets P1
and P2. If K is homeomorphic to A→ then K can be partitioned into ω1 many copies of [0,1). Select a countable
dense set in each element of this partition. The union of the selected sets satisfies P1 and P2.
Define a new linearly ordered compactum (cL)∗ from cL as follows. Replace each d ∈⋃K∈KDK in cL by two
elements {ad, bd} and put ad < bd . Denote the resulting linearly ordered compactum by (cL)∗. The partition p of
(cL)∗ whose only nontrivial elements are {ad, bd} defines a continuous map of the compactum (cL)∗ onto cL. Let
L′ = p−1(L). The GO-space L′ is clearly countably compact and p|L′ is a closed map of L′ onto L because L′ =
p−1(L). Being closed and onto, the map p|L′ is quotient. Therefore, Cp(L) is homeomorphic to a closed subspace of
Cp(L
′) (see Corollary 0.4.8 in [1]). Thus, to reach the conclusion it suffices to show that Cp(L′) is Lindelöf. By P1,
ind(L′) = 0. Thus, by Theorem 4.2, we only need to show that T (L′) is Lindelöf.
To understand what T (L′) looks like observe that (cL)∗ is the Dedekind completion of L′, that is, (cL)∗ = cL′.
Also the Dedekind remainder cL′ \L′ of L′ coincides with that of L. Therefore T (L′) consists of points of T (L) plus
all ad ’s.
Now fix any uncountable set A ⊂ T (L′) of regular cardinality. If A meets cL′ \ L′ by a set of cardinality |A| then
we are done since cL′ \L′ = cL \L and cL \L is Lindelöf by hypothesis.
We may assume now that A consists of points of L′ only. Although T (L′) is not a subspace of cL′ it consists of
points of cL′. Therefore, A is also a subset of cL′, and we will treat it as such from now on. Let C be the set of points
of complete accumulation for A in cL′. Since cL′ is compact so is C. To show that A has a complete accumulation
point in T (L′) it suffices to show that C meets cL′ \L′. Assume the contrary. Then C ⊂ L′.
Remark. For any K ∈K, C does not meet {ad, bd : d ∈ DK}. To prove it, fix d ′ ∈ DK . Recall d ′ is in the interior of
K and, by P2, DK is locally countable. Therefore there exists an open interval I ⊂ K that contains d ′ and contains
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only countably many ad ’s. Therefore, neither ad ′ nor bd ′ is a complete accumulation point for A.
Recall that cL′ \ {ad, bd : d ∈⋃K∈KDK } = cL \ (
⋃
K∈KDK). Therefore, C is a compact subspace of L, and by
hypothesis, is metrizable. Hence, C has only countably many gaps, that is, pairs {x, y} ⊂ C such that no point of C is
between x and y. Each element of A is either between x and y for some gap {x, y} ⊂ C, or to the left of minC or to
the right of maxC. Since |A| is uncountable and regular, we may assume that there exists A′ ⊂ A of size |A| that lies
between x and y for some gap {x, y} ⊂ C. We have that y (or x) is one of at most two complete accumulation points
for A′. Since |A| is regular, we may assume that y (or x) is of character |A| in [x, y]cL′ , and therefore, in [x, y]cL.
Therefore, there exists a closed S = {yα: α < |A|} ⊂ [x, y)cL whose only complete accumulation point in cL is y and
yβ < yα for β < α. Observe that {y} ∪ {xα: α∗ < α < |A|} is a nonmetrizable compactum for every α∗. Since every
compact subspace of L is metrizable and y ∈ L, we conclude that yα ∈ cL \L for |A| many α. Therefore, S \L is of
size |A| and y is the only complete accumulation point for S \ L. Since y ∈ L, the remainder cL \ L is not Lindelöf,
contradicting the hypothesis. Thus, C meets cL′ \L′. 
In [6], M. Henriksen and J.R. Isbell proved that a Tychonoff space X has Lindelöf βX \ X iff for every compact
subspace C of X there exists a compact C′ ⊂ X that contains C and has countable character in X. Using this result
we can re-write the above criterion as follows.
Theorem 4.8. Let L be a countably compact GO-space. Then Cp(L) is Lindelöf iff every compact subspace of L is
metrizable and a Gδ-set in L.
Proof. (⇒) Fix compact C ⊂ L. By Theorem 4.7, cL \ L is Lindelöf. By Henriksen–Isbell theorem, there exists
C′ ⊂ L that contains C and is a Gδ-set in L. By Theorem 4.7, both C and C′ are metrizable. Therefore, C is a Gδ-set
in C′ and therefore in L.
(⇐) By virtue of Theorem 4.7, we need to show that cL \ L is Lindelöf. Since L is countably compact every
compact Gδ-subset of L has countable character in L. By Henriksen–Isbell theorem, cL \L is Lindelöf. 
The statement of Theorem 4.2 might give a wrong impression that for a countably compact GO-space L, Lindelöf-
ness of T (L) and metrizability of every compact connected subspace of L imply Lindelöfness of Cp(L). However it
is not so. Indeed, let C be the Cantor Discontinuum. Replace each point c ∈ C that is limit on both sides by a copy of
[0,1] and order the result lexicographically. The resulting linearly ordered topological space L is compact. Since L
has only countably many gaps, T (L) is countable and, therefore, Lindelöf. Clearly any connected compact subspace
of L is metrizable. However, by Nahmanson’s theorem [9], Cp(L) is not Lindelöf because L itself is not metrizable.
Let us give a couple of examples of GO-spaces that, by Theorem 4.7, have Lindelöf Cp . In each gap of the
Cantor Discontinuum C place a copy of A→ or a copy of A↔. The resulting GO-space meets Theorem 4.7. Any
first-countable countably compact subspace of α ×l [0,1) meets Theorem 4.7 too.
Corollary 4.9. Let L1 and L2 be countably compact GO-spaces. If Cp(L1) and Cp(L2) are Lindelöf then so is
Cp(L1)×Cp(L2).
Proof. The properties involved in Theorem 4.7 are preserved by finite sums. Therefore Cp(L1 ⊕ L2) is Lindelöf.
Since Cp(L1 ⊕L2) is homeomorphic to Cp(L1)×Cp(L2), the latter is Lindelöf as well. 
It is natural to ask which of our results for countably compact GO-spaces can be proved for Lindelöf GO-spaces.
Unfortunately, even Theorem 4.1 does not hold.
Example 4.10. There exists a Lindelöf linearly ordered topological space L such that T (L) is Lindelöf and Cp(L,2ω)
is not.
Construction. Let A ∪ A′ be the two arrows of Alexandroff, where A consists of points of [0,1) and A′ consists of
points of (0,1]′, a primed copy of (0,1]. Let S be any subset of (0,1) and LS = [A ∪ A′] \ {a, a′: a ∈ S}. Clearly,
924 R.Z. Buzyakova / Topology and its Applications 154 (2007) 917–924LS is a Lindelöf linearly ordered topological space. The space T (LS) can be obtained from [0,1] by retaining the
standard topology on points of S ∪ {0} and declaring all other points isolated. That is, T (LS) is a “Michael line”-type
space. It is well known that S can be so carefully chosen that the corresponding “Michael line”-type space is Lindelöf
while its square is not. Select such an S and put L = LS . Then T (L) is Lindelöf. By Theorem 3.6, [T (L)]2 is a closed
subspace of Cp(L,2ω). Therefore, Cp(L,2ω) is not Lindelöf.
It is well known that Lindelöfness in the class of function spaces is not finitely productive (see [7] for the first
consistent example and [11] for the first ZFC example). Nevertheless, Corollary 4.9 suggests that within certain wide
subclasses of function spaces, Lindelöfness might be preserved by finite powers and even by finite products. One class
of spaces that have been a fruitful source for examples is that of locally metrizable locally compact spaces.
Question 4.11. Let X and Y be locally metrizable and locally compact. Suppose that Cp(X) and Cp(Y ) are Lindelöf.
Is Cp(X) × Cp(Y ) Lindelöf? Is [Cp(X)]n Lindelöf for every n? Is [Cp(X)]ω Lindelöf? What if X is, in addition,
countably compact or of countable extent?
When dealing with function spaces, characteristic functions have shown themselves the most handy ones. There-
fore, spaces Cp(·,2) deserve special attention. R. Pol constructed a consistent example [12] of a zero-dimensional
compact space X such that all finite powers of Cp(X,2) are Lindelöf while [Cp(X,2)]ω is not. However the example
is not first countable. A. Dow and P. Simon [4] showed that a certain Mrowka space Ψ has Lindelöf finite power
of Cp(Ψ,2) and non-Lindelöf [Cp(Ψ,2)]ω. Although, Ψ is not compact, it is first countable, locally compact, and
pseudocompact.
Question 4.12. Let X be a first-countable compactum (or countably compact space) with Lindelöf [Cp(X,2)]n for
each n. Is [Cp(X,2)]ω Lindelöf?
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